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ABSTRACT An S = § anti-ferromagnetic spin chain is mapped to the 
two-flavor massless Schwinger model, which admits a gapless mode. In a 
spin ladder system rung interactions break the chiral invariance. These 
systems are solved by bosonization. If the number of legs in a cyclically 
symmetric ladder system is even, all of the gapless modes of spin chains 
become gapful. However, if the number of legs is odd, one combination 
of the gapless modes remains gapless. For a two-leg system we find that 
the spin gap is about .36|J'| when the inter-chain Heisenberg coupling 
J' is small compared with the intra-chain Heisenberg coupling. 

An anti-ferromagnetic spin chain is defined by 

H chain [S] = jJ2S n - S n+1 (J > 0) . (1) 
ri£ spin chains coupled by a rung interaction define an n^-leg spin ladder: 

Til 

^ladder = £ H chain [S^} +J'J2 ' ^ " ^ 

J=l (jk) 

j and k are leg indices. In experimental samples the rung interaction ex- 
tends over (jk) = (12), (23), • • • , (ni-1, nt). In a cyclically symmetric lad- 
der which we shall discuss below, an interaction over (jk) = (nt, 1) is also 
added. 

For S = | the spin chain Hamiltonian (|l|) is exactly solved by the Bethe 
ansatz.Q It has a gapless excitation. In experiments it is observed that a 
two-leg ladder system has no gapless excitation, whereas a three-leg ladder 
system remains gapless. [^] The theme of this report is to show how the 
gapless modes of spin chains become gapful when the number ng of legs in 
the ladder system is even.(|| 

Haldane conjectured that the spectrum of the spin chain system is gap- 
less or gapful for a half-odd-integer or integer spin 5, respectively. The 
conjecture has been supported both experimentally and theoretically. In 
a ladder system with S — | it is believed that the spectrum is gapless or 
gapful for an odd or even ri(, respectively. However, a subtle issue remains 
as the spectrum may depend on the topological structure and magnitude 
of the rung interaction in (0) . 
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To analyse (||) we first establish the equivalence between the S = \ 
spin chain (|l|) and the two-flavor Schwinger model. In the literature spin 
systems are often mapped to non-linear sigma models which is justified for 
large S.^ There is an alternative mapping which works well for S = g. 

Write S n = c\i\® c n- After reshuffling electron operators in S n S n +i 
and performing the Hubbard- Stratonovich transformation, the system (^) 
is converted to a Lagrangian 

{ ihc l d n ~ An(4 C n - 1) - -(U*U n - U n clc n+1 - U*cl +1 C n ) } . (3) 

The Lagrange multiplier A„ enforces the half-filling condition at each site. 
Fluctuations of link variables U n 's are large in phase, but their magnitude 
is frozen about 1/tt. One can write U n = e llAn /n where I is the lattice 
spacing. (|3|) thus becomes lattice QED. 

We take the continuum limit. Note that in an antiferromagnetic chain 
two sites form a fundamental block. The even-odd site index becomes a spin 
index of the Dirac field, whereas the original electron spin index becomes 
a flavor index, a, as U n couples to the spin singlet combination c^c Jl+1 in 
([}]). In the continuum limit 

,2 

£chain =-^2 F l»+Y. C ^ ( °V " ~\) ^ + J A ° • ( 4 ) 

a— 1 

The velocity c is given by c = iJ/irh. xo — ct and (Ao,Ai) = (X,cA). 
Although the Maxwell term is absent in the £ — > limit, it is generated at 
finite £. From the dimensional analysis e = k(J /tj 1 / 2 where k is a constant 
of 0(1). (Q) is nothing but the two- flavor massless Schwinger model in an 
uniform background charge density. 

In the ladder system (||) the rung interaction gives an additional four- 
fermi interaction: 

•Claddcr = ^ -Cchain [ipj > Aj] + C m t 
3=1 

£int = x E / dx (wtyk, 4^} + ^3 ■ 4*i>k 



m ■ 



where every quantity in the expression is a flavor singlet. 

The continuum theories (^) and are solved by bosonization. On a 
circle fermion operators are bosonized in the interaction picture by[^| Q 

V4(M) = ^Cg€^^ ± ^'^N [e ±i ^^ i '^] (o=l,2) (6) 
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where L is the volume of the circle, C° = e l "Si,=i' !, + +p -' and C°l = 

e™Eb=i' p +" ! '-'. -^juH denotes the normal ordering with respect to a mass 
\x. The only physical degree of freedom associated with the gauge fields is 
the Wilson line phase, @w — (e/Tic) dx A\(t, x). The bosonized Hamil- 
tonian is expressed in terms of zero modes gfjL, 0iy, oscillatory modes <j) a , 
and their canonical conjugates. 

In the chain system the gauge interaction gives rise to a mass for $ = 
((f) 1 + (/)' 2 )/y/2 ; /z| = (i? = 2e 2 h/irc 3 . The other combination x — ((f) 1 — 
2 )/V2 remains massless, which correponds to the gapless excitation in the 
Bethe ansatz. 

When \J' / J\ <C 1, Ant m (§) is treated as a perturbation. In the 
absence of £j n t we have ng massive bosons <E>j 's and ng massless bosons 
Xj's. The question is whether or not all Xj' s acquire masses due to Ant- 

The first two terms in £; n t are vector-like. They change the spin wave 
velocity, but do not generate a gap. The last two terms in £j nt break the 
chiral invariance, and therefore can lead to gap generation. 

The gap generation is related to generation of chiral condensates. It oc- 
curs in a self-consistent manner. In the bosonization language nonvanishing 
chiral condensates in the infinite volume limit appear when all relevant bo- 
son fields become massive. The critical identity is, for a boson field <fc, 
jV [e w ] = BdiL^I^N^e 1 ^]. Here B{z) ~ e~<z/4ir for z > 1. In other 

words the factor L _1 resulting from the insertion of (|^) into ijjip can be 
cancelled by the B(llL) factor in the L — > oo limit, provided all relevant 
fi's are nonvanishing. Boson masses are also determined by (|^) expanded in 
a power series in boson fields. Coefficients thus obtained depend on boson 
masses to be determined, which leads to self-consistency conditions. [|| 

Careful examination shows that the zero modes also play a crucial role 
in the determination of boson masses. In a cyclically symmetric ng-leg 
ladder system, the singlet combination of the bosons $'s (x's) has a mass 
M*+ (Mx+)' whereas other ng — 1 combinations are degenerate and have 
masses (li x _). is unaltered by the interaction. For ng — 2 and 

| J'| < J one finds 

a4_ = M 2 + F V<£- (Mx- + ll x +) 

P 27 I T'\f 

from which it follows that the spin gap is given by 

e 27 fc 

A spin = Mx± c 2 ~ 5 3 7i -|J'| = 0.36fe|J'| . (8) 

In two leg samples, say in SrCu203, J ~ J' ^1300K and A sp i n ~ 
420K.||] In numerical simulations A spin = A1J' (.50J 7 ) for small J'/J 
(J' = J).0 Our result (||) is consistent with both experiments and nu- 
merical simulations. Similar analysis in the bosonization language has 



3 



been previously given by Schulz, by Shelton et al. and by Kishine and 
Fukuyama. || 

For an even ri£ > 4 (|t]) is modified to 

£_ = \n tl x x _ + (n e - 2) l x^ i x l -y ni \ (9) 

[Note that the formula (||) double-counts the rung (12) when ng = 2.] The 
singlet field x+ nas the smallest mass. 

For an odd ri£, dynamics in the zero mode sector do not allow a solution 
with [i x± 7^ 0. The singlet field x+ remains massless. 

We have shown that in a cyclically symmetric spin ladder system the 
spectrum becomes gapful if the number of legs is even. The spin system 
is mapped to a set of two-dimensional QED models, which is solved by 
bosonization. The gap generation is intimately connected with chiral sym- 
metry breaking. 
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